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Abstract. Let X be a projective variety of dimension n and L be a nef 
divisor on X. Denote by t^{r\ X, L) the d-dimensional Seshadri constant of r 
very general points in X. We prove that 

ei{rs;X,L) > ea{r;X,L) ■ e^(s;¥'^ , Op^ {!)) for r, s > I. 



1. Introduction 

Let L be a nef divisor on a projective variety X of dimension n. The Seshadri 
constant of dimension d < n at r points pi, . . . ,pr in the smooth locus of X is 
defined (see [2]) to be the real number 



ed{pi, ■ ■ ■ ,Pr;X,L) = inf ■ 



■ Z V^"^ Z cX effective cycle] 



multp . Z J of dimension d 



By semicontinuity of multiplicities if the points are in very general position then 
the Seshadri constant does not depend on the actual points chosen (12.31) . Thus one 
can define 

ed{r;X,L) = ed{pi, ■ ■ ■ ,Pr;X,L) 

where pi, . . . ,pr is any collection of r very general points in X. We shall prove 
the following inequality comparing Seshadri constants of very general points X and 
those in projective space. 

Theorem 1.1. Let X be an n dimensional projective variety, L be a nef divisor 
on X and r, s,d > 1 be integers, with d < n. Then 

edirs; X, L) > erf(r; X, L) ■ td{s; P", Op,. (1)). 

Remark 1.2. When d — \ the Seshadri constant ei reduces to the usual Seshadri 
constant as introduced by Demailly [5j, and in this case Theorem II. II is due to Biran 
[2]. When r — 1, d = n— \ the Theorem is due to Roe [12;. 



It is well known and not hard to see that ed{r;X,L) < y/L"-/r for d — 1 and 
d = n—l (see remark ri.4p . On the other hand, explicit values or even lower bounds 
are in general hard to compute. Thus Theorem 11.11 should be seen as a lower bound 
on ed{rs] X, L), which will be useful if Seshadri constants on projective space are 
known. As an example, let us recall the most general form of a famous conjecture 
by Nagata: 
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Conjecture 1.3 (Nagata-Biran-Szemberg, |14j). Let X be an n dimensional pro- 
jective variety, L be a nef divisor on X and 1 < d < n be an integer. Then there is 
a positive integer Tq such that for every r > rg, ej_{r; X, L) = /r. 

Remark 1.4. Already Demailly observed that ei(r;X, L) < ed{r;X,L) for all 
d = 2,...,n (which combined with the obvious equality €n{r;X,L) — \JL"- jr 
gives the upper bound t\[r\X,V) < \J U'- jr). Standard arguments also show 
that en-i{r; X, L) < \/ /r = en{r;X,L) and that ei{r;X,L) ~ y/L"/r implies 
edi"!^', X, L) = ^L"-/r for all d = 2, . . . n, so if the conjecture above holds for d = 1 
then it holds for all d. In view of these facts, it is tempting to ask if the inequalities 
edi{r; X, L) < ed2(r;X,L) hold for all di < d2. 

In this context Thcorem ll.il implies, for instance, that if (1) the Nagata-Biran- 
Szemberg conjecture is true for d-dimensional Seshadri constants on P", and (2) 
ed{l;X,L) = -i/Z", then the Nagata-Biran-Szemberg conjecture is true for the d- 
dimensional Seshadri constants of {X,L). See jH] for more applications along this 
line. 

The proof uses the degeneration to the normal cone of r very general points of X . 
That is, let pi, . . . ,pr be very general points in X and tt: A" — > be the blowup 
of X X A-^ at points pi x {0} for 1 < i < r. The central fibre of X over G A^ 
is reducible, having one component which is the blowup of X at pi, . . . ,Pr (with 
exceptional divisor ~ p"-i over pi) and r exceptional components Fi ~ P", with 
each Ei glued to Fi along a hyperplane. 

Regard a collection of rs points in X as coming from r sub-collections each 
consisting of s points. Shrinking A^ if necessary for each 1 < i < r we can find s 
sections of tt that pass through very general points in Fi\Ei. Then the inequality 
in Theorem 11.11 follows by showing that the existence of highly singular cycles at 
rs points of X implies the existence of highly singular cycles at rs points of the 
central fiber chosen at will, which means cycles with higher multiplicities at the s 
chosen points. 

It is clear that this argument actually produces something stronger. For instance 
we do not have to divide the collection of rs points evenly: 

Theorem 1.5. Let X be an n dimensional projective variety and L be a nef divisor 
on X . Suppose 1 < si < S2 < ■ ■ ■ < Sr are integers and set s = ^i- Then 

ed (s; X, L) > ed{r; X, L) ■ e<i(s.; P", Or- (1)). 

We can also consider weighted Seshadri constants as in [6], defined as follows. 
In addition to the nef divisor L on X and r points pi , . . . , in the smooth locus 
of X, let a nonzero real vector i = {li, - ■ ■ ,lr)& be given with each li > 0. The 
Seshadri constant of dimension d < n at these points with weights £ is defined to 
be the real number 

Z G X effective cycle 1 
of dimension d ( 

Again by semicontinuity if the points are in very general position then the 
weighted Seshadri constant does not depend on the actual points chosen (|2.3p . 
Thus one can define 



edihpi, . . . , lrPr;X, L) = inf ■ 



L'^ ■ Z 



^ ^ li vmxltp- Z 



e(r, X, L) = e{lipi, . . . , IrPr] X, L) 
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where pi, . . . ,pr is any collection of r very general points in X. 

Theorem 1.6. Let X be ann dimensional projective variety, let L be a nef divisor 
on X , and let r,d > 1 be integers with d < n. Suppose 1 < Si < S2 < ■ ■ ■ < Sr 
are integers and set s = '^i=iSi- For each i let ti be a vector in and set 
£= (^i,£2,--.,^r) eK^. Then 

ed{s,e;X,L)>edir;X,L)- inf e<j(s„ P", Op. (1)). 

■i— l,...,r 

Remark 1.7. Since the L-degree and multiplicity at a point of a d-dimensional 
scheme coincide with those of the associated c?-dimensional cycle, the Seshadri con- 
stant can be equivalently defined as 



ed{Pi, ■ ■ ■ ,Pr;X,L) = inf ■ 



L'^ ■ Z \ ^ Z C X closed subschcmcl 



J2 multpi Z J of dimension d 

For convenience, we shall work with this definition. 



Conventions: By a variety X we mean a possibly reducible reduced scheme 
of finite type over an algebraically closed uncountable field K. 

If X is a variety then a very general point p d X is a point that lies outside 
a countable collection of proper subvarieties of X. We say that a collection of r 
points pi, . . . ,pr is very general if the point (pi, . . . ,pr) € X^ in the r-th power of 
X is very general. The uncountable hypotheses on the base field guarantees that 
a set of very general points is nonempty and dense; over a countable or finite field 
claims on very general points are void and e(r; X, L) is not well defined. 

2. PRELIMINARIES 

2.1. Semicontinuity of Seshadri constants. Our proof of Theorem II. II will rely 
on the semicontinuity property according to which Seshadri constants can only 
"jump down" in families. When d — 1 this semicontinuity is well-known and comes 
from interpreting Seshadri constants in terms of ampleness of certain line bundles on 
a blowup of X [71 Thm. 5.1.1]. To deal with the general case d> 1, let p: X ^ B 
be a projective flat morphism, and for b G B, denote Xh — p~^{b). We assume 
that A" is a variety, S is a reduced and irreducible scheme, and all the fibres Xj, 
are (possibly reducible) varieties. The following result, well known in singularity 
theory, follows from the Hilbert-Samuel stratification 8^ (in particular, from the 
finiteness proved in [H Theorem 4.15]). 

Theorem 2.1. Let y d X be a closed subscheme, and let m be a nonnegative 
integer. The set of y such that yp{y) has multiplicity at least m at y is Zariski- 
closed in y . 

For our purposes, y B will be a family of subschemes of dimension d in the 
family of (possibly reducible) varieties X ^ B. Since we are interested in the 
multiplicities at several points at a time for the computation of Seshadri constants, 

we need a multipoint analogue of Theorem 1 2. II Denote X^ := X x b - ^ ■ x b X ^ B 
(respectively y^ B) the family whose fiber over b is {XbY (respectively {ybY)- 
The next Corollary is an immediate consequence of (|2.ip . 
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Corollary 2.2. Let y <Z X be a closed suhscheme, and let mi, . . . ,mr be non- 
negative integers. The set of tuples {yi, . . .y,.) £ (J^h)' , b ^ B, such that yb has 
multiplicity at least mi at each yi is Zariski- closed in y^. 

Given a closed subscheme y C X and a sequence m = (mi, . . . , m^), denote 
Tin{y) C y^ the closed set given bv 12.21 Fix be a relatively nef divisor C on X, 
and denote Cb — ^\xb- Since the definition of multipoint Seshadri constants only 
makes sense for distinct smooth points, we will usually restrict to the complement 
of the diagonals and the singularities of fibers in X^, which is Zariski open. 

o 

Lemma 2.3. Let r be a positive integer, let Xg be the complement of the diagonals 
and the singularities in Xg, and let a real number e > and a nonzero real vector 

o 

i = {li, ■ ■ ■ ,lr) be given with each li > 0. Then the set of tuples {pi, . . . ,pr) G Xg 
such that 

edihpi, . . . JrPr;Xb,Cb) < e 

o 

is the union of at most countably many Zariski closed sets of X^. 

Proof. Let Hilbd(A'/_B) denote the relative Hilbert scheme of subschemes of X of 
(relative) dimension d. It has countably many irreducible components, which are 
irreducible projective schemes over B (see [9]). Let H be one of these components, 
and let H C X X B H ^ H he the corresponding universal family. By the standard 
properties of the Hilbert scheme, the intersection with £b is constant, i.e., £^ • TibM 
does not depend onb G B, h £ H. Denote this number by ■ H. 

For each choice of a sequence m = {mi, . . . , m^) of r nonnegative integers, we 
apply corollary 12.21 above to the universal family H H and get a Zariski closed 
set 

Tmin) cn^HdiX Xb HYh = X^s Xb H. 
Let VmiTi.) C X^ be the image oiXmOi-) by projection on the first factor. Since LL 

o o 

is projective, Vm{H) is Zariski closed, and Vm{H) := 'Pm{H)f\X^ is Zariski closed 

o o 

in X^. By the definition of Seshadri constants, for all [pi, . . . ,pr) G T'm{Ti) with 

Pi € Xb, tdihpi, ■ . .,lrPr;Xb,Cb) < {C^ ■ H/Y.k'miY^''' . 

Since every d-dimensional subscheme is represented by a point in some compo- 
nent of the Hilbert scheme, it follows that 

I / I • n \ 

ed{pi, ■ ■ ■ ,Pr;Xb,Cb) = inf ^ 

(pi,...,p,)eP„(W) 

Thus, for each e G M, the set of tuples {pi, . . . ,Pr) such that ed{pi, 
is exactly 

U ^-(^)' 

hence the claim. □ 



mi 




Remark 2.5. From the previous Lemma (|2.3|) applied to X — X, B ~ Spec K, 
for very general points pi, . . . ,pr the Seshadri constant ed(pi, . . ■ ,Pr', X, L) and its 
weighted counterparts are independent of the points chosen, and thus ed{^] X, L) is 
well defined. Moreover, (12.41) shows that 



^d{r;X,L) 
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Remark 2.6. If d = 1, then the infimum in ()2.4p can be taken over all m and 
all components Ti of the Hilbert scheme of X in all dimensions (including, e.g., 
the isolated point corresponding to the whole variety X). Doing so, the Nakai- 
Moishezon for R-divisors j3j implies that the infimum is attained by some TL and 
m (see the proof of [13l Proposition 4], and also [4], [1]) hence the set of values 
effectively taken by the Seshadri constant as points vary is either finite or countable. 

Remark 2.7. For surfaces, a stronger version of Lemma ()2.3p is known to hold. 
Namely a finite number of Zariski closed sets (hence a single one) suffices, and 
moreover the set of values effectively taken by the Seshadri constant is either finite 
or has exactly one accumulation point which is •y/L^/r. This has been proved by 
Oguiso [ini for r = 1 and follows from Harbourne-Roe [6] for r > 1. Unfortunately, 
the methods used to prove such finiteness do not seem to extend to varieties of 
higher dimension. 

Remark 2.8. For Seshadri constants at higher dimensional centers (i.e. measuring 
the multiplicities at non-closed points) as defined by Paoletti in [11] similar semi- 
continuity results hold; in this case, the Hilbert scheme has to be used as parameter 
space in the place of the rth product of the variety. 



3. Proofs of Theorems 

3.1. Proof of Theorems 11.11 and 11.51 We start with Theorem 1 1.11 and consider 
the degeneration to the normal cone of very general points pi, . . . in X. In detail 
set B — h} and let tt : X ^ X xBhe the blowup at the points = (pi, 0) G X x B. 
The exceptional divisor is a disjoint union F = {}^Fi where Fi — P(Tp. 0C) ~ P" 
is the projective completion of the tangent space Tp.X of X aX pi. We denote by 
(7i, <72 the projections from X x B to the factors and let g = (72 ° tt: A" — > i?. 

Set 5 = edif] X, L) and fix 1 < z < r. By replacing B with an open set around 
if necessary we can find sections a'^ j for j = 1, . . . , s which pass through pi and 
have very general tangent direction there. Denote by aij the section obtained from 
the proper transform of a'^^ in X. Then the collection Si = {ai^i{0), . . . , cri^s(O)} is 
a set of s very general points in Fi ~ P". Denote cr' ■ ■ ■ , cr^^^) : B — > X^'' 

and a := (cri,i, . . . ,crr,s) : B X^". 

Each component of the relative Hilbert scheme of X x i? is of the form H' — ZxB 
where Z is a component of the Hilbert scheme of X; for each such H' there is 
a unique component H of the Hilbert scheme of X with H' n q2^{B \ {0}) = 
H O q~^{B \ {0}). We resume notations as in the previous section, with Z ^ Z, 
H' ^ H\ H ^ H a.s universal Hilbert families on X, X x B and X respectively. 

Recyling notation from above, let VmiZ) be the projection of Xm(-^) to X^'^ and 
consider for a while a sequence m = (mi, . . . , rurs) of rs nonnegative integers such 
that VmiZ) = X^"^ . For convenience, set also ruij = m(i_i)s_|_j for i = 1, . . . ,r, 
j = 1, . . . , s. Then V^iW) = {X x BYjI = X"-" xB and VmiV.) = X^g^ . Consider 
the following puUback diagram: 

Im{n') x-p^f^n') B — > B 



I^{n') w VmiH') = X- X B 
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T2 is onto and proper, so (restricting to a smaller neighbourhood of if needed) we 
may choose a section; denote hy C, : B ^ Z the composition of this section with 
the natural maps 

ImlW) -Xv^iH') B ^ Im{n') ^ H'h' ^X''''xH^H=ZxB^Z. 

Let y ^ B he the family obtained from the universal family Z ^ Z by base 
change through C,. By construction, each fiber with & 7^ is a subscheme of X 
of dimension d with a point of multiplicity > mi_j at ai_j{b). Consider the strict 
transform 3^ of 3^' in A". By fiatness, 3^0 has dimension d, and by semicontinuity 
of multiplicities (12. 2|) it has a point of multiplicity > niij at aij(0). Therefore for 
every i such that some rriij > 0, 3^o H Fi is a d-dimensional subscheme of Fi = P" 
of degree at least rm := (e(i(s; P", Opn (1)))'' j-. Since this degree is exactly 
the multiplicity of 3^q at pi, it follows that 

r rs 

L-Z = L-y'^>5<'Y,m,^ S^ieais- P", Op. (1)))'^ ^ to,-. 

i=l k=l 

Since this is true whenever VmiZ) — X^'^, in view of 12.51 the claimed bound on 
ed{rs; X, L) follows. 

The proof of Theorem 11.51 follows easily as if si < S2 < • • • < Sr then s = 
Y^\=i Si < rsr and 

edis;X,L) > edirSr;X,L) > ed{r;X,L) ■ e<j(s,; P", Op. (1)). □ 

3.2. Proof of Theorem 11.61 Essentially, the proof of Theorem 11.11 works also in 
this more general setting. We have proved the particular case first for clarity, and 
give next a sketch of the changes needed for ll.6l 

Just as above let X ^ B be the degeneration to the normal cone of very general 
points pi, ... ,pr in X, with exceptional divisors P". Also just as above, by shrinking 
B if necessary, for every component Z of Hilbd(^) and every m = {mi, . . . ,TOs) 
with VmiZ) = X'^ there exist schemes in Hilb(i(^) with multiplicities at least 

siH hsi 

TO, := (ed(s„r;P",Op„(l)))'' ^ to, 

i=SlH hs,-_i + l 

at general points pi, i = 1, . . . ,r. From this the result follows exactly as in the 
previous case. □ 
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